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A Renormalization Group Analysis of
Correlation Functions for the Dipole Gas

J. Dimock' and T. R. Hurd?
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We develop a renormalization group method for analyzing the generating func-
tional for charge correlations of a dilute classical dipole gas. It is based on and
extends the renormalization group analysis introduced by Brydges and Yau for
the dipole gas partition function. Our method leads to systematic formulas for
the large-distance behavior of correlation functions of all orders. We prove that
in any dimension d= 2, at any value §>0 of the inverse temperature, and at
sufficiently small activity z, the correlation functions exhibit at large distances
the same behavior as for a vacuum (z=0), but with a new dielectric constant
1+ ¢ over which we have good control. The results proved here extend existing
results on the two-point correlations to all higher correlations, and constitute a
general confirmation of the fact that dipoles do not screen.

KEY WORDS: Dipole gas; renormalization group; correlation functions;
large-distance asymptotics.

1. INTRODUCTION

The potential between two unit dipoles p, p' € ¢~ ! located at x, y € R? has
the form

(p-o)p'-O)—=4)""(x—Y) (1)

where the kernel of the inverse Laplacian (—4) ! is the Coulomb poten-
tial. The classical statistical mechanics of a gas of such dipoles with
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1

temperature §~' and fugacity z is given by the grand canonical partition

function
Z= Z

nz0

xexp(—(8/2) Y. (pi-0)(p;- =)~ (xi—x))) (2)

iJj i

| [T dp, dx, (z"/n!)
(Sd—l x Rd)n ;

The model can equivalently be expressed as a FEuclidean sine-Gordon
quantum field theory by

Z=[e " du,(g) (3)

Here ¢ is a scalar function on R¢ du, is a Gaussian measure with
covariance v= f(—4)~*, and

V(g)=2z

§4-1x

ddp dx cos[ p-0¢(x)] (4)

This model has both short-distance and large-distance difficulties. The
short-distance problem is not physically important and is removed by
introducing a short-distance cutoff on the Coulomb potential. Our concern
is to control the large-distance behavior of the theory. We shall analyze the
model in finite, arbitrarily large volumes, and prove bounds which are
uniform in the volume.

We study the generating functional for charge correlations

Z(p)= 0Py =2 [ 0D g (¢) (5)

where (p, ¢) = | p(x) #(x) dx. Then Z(p) determines the partition function
for a gas with an a priori charge distribution p(x). Correlations between a
charge +¢ at x and —g at x’ are described by the charge correlation
functions

g(x’ y) = Z(qéx - qéy)
g'(x, y)=2(gd.—qd,)— Z(qd.) Z(—qd,)

We also consider the field correlation functions

G(xls"'> xp) = <¢(X1) T ¢(xp)> = lp[é/ap(xl) e 5/5p(xp) Z(p)] |p=0 (7)
as well as the truncated functions defined by

G'(x ey X,) =17{0/0p(x1) - 6/0p(x,)[log Z(p)1}1, -0 (8)

(6)
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The present paper does not deal with dipole correlation functions
(expectations of d¢). However, with little extra effort, the method can be
extended to treat the generating functional for such correlations.

A detailed analysis of the dipole gas model and (d¢)* model was given
by Gawedzki and Kupiainen®¢ (see also the similar work of Magnen and
Seneor'™). They implement the ultraviolet cutoff by working on a lattice
and show that under iteration of the renormalization group (block-spin)
transformation, the effective interactions tend to zero, leaving a free field
Gaussian piece u,» with v* ~». Furthermore, the pressure and dielectric
constant are shown to be analytic in the fugacity z. They then extend the
result to show that the long-distance behavior of correlation functions (in
particular G, and G} is the same as that of the fixed point f,..

More recently, Brydges and Yau'" introduced new renormalization
group techniques for the continuum dipole model described above. They
reproduced the first result of Gawedzki and Kupiainen, the convergence of
the effective interactions to zero and the analyticity of the pressure. Their
method is conceptually simpler and has great potential for generalization
to other models. In fact, we have extended this method to analyze the d=2
Coulomb gas in the Kosterlitz-Thouless phase® and quantum electro-
dynamics itself.®

In outline, the method goes as follows. Beginning with the model on
a d-dimensional torus A(N) of linear size L”, L > 2, the measure ¢~ " du on
A(N) is replaced by a sequence of measures e~ "’ dy; on smaller tori
A(N —j) for 0< j< N. The sequence is generated by integrating out short-
distance modes and rescaling. The change in the partition function in
passing from j to j+1 is given by a multiplicative factor Z; depending
on ¥, and one has the representation

z=| 1z |[e " o ©)
i<j
expressing Z as a product of contributions from different length scales. If
z is small enough (ie., the gas is dilute), it is proved that the effective
potentials V; tend to zero as j — co. Furthermore, log Z,/| 4| tends to zero
exponentially fast, uniformly in N, and this controls the pressure log Z/|A].
A key feature of the Brydges—Yau approach is that the Gibbs factors
e~ " at each stage are expressed as polymer expansions

e =y TIKI(X, ¢) (10)
{xip ¢

where a polymer X is a union of unit hypercubes (“blocks™) in 4,. All
results follow from estimates showing K’(X,¢)—0 as j— oo, while
maintaining control over growth in ¢ and decay in the size of X.
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The goal of the present paper is to extend the work of Brydges and
Yau to a complete analysis of large-distance asymptotics of correlations in
the dipole gas. We prove formulas similar to (9) for the quantity Z(p):

B j el 8) g = Vg p) du;(4)
Zp)={ T 200 | s | (1)

where now e~ "/##) is expressed as a polymer expansion involving activities
K/(p)=K/(X, ¢, p). The important issue is to control the dependence on p
in addition to the X, ¢ dependence. Our main result (Theorem 1) says that
K’(p) is analytic in p around p=0 and that the functional derivatives
[6/6p(x,)---6/0p(x,) K']|,_, have good decay as the points separate. In
addition, as j gets large, the K’(p) still tend to zero exponentially fast and
the factors Z,(p) tend to appropriate Gaussians. This gives control over the
generating functional, and hence a systematic treatment of correlation func-
tions of all orders. We obtain explicit asymptotic formulas for correlation
functions which extend the results of Gawedzki and Kupiainen. Theorem 2
bounds the 2-point function:

|Go(x, y) = (1 +0) "' (=)' (x, y)|
<O(1) |x—y|~?*1*+e,  O<e<l (12)

The factor 1+0¢ i1s a dielectric constant. The truncated correlation
functions G, for values n>4 are bounded by

|G (%10, X)) SO(1) plug?T(x,,..., x,)~ 4?1 diam(x,,..., x,) ~9?*% (13)

for some constant u,. Here T(x,,.., x,) is the product of the lengths of the
bonds for a shortest tree on the points. Theorem 3 gives upper and lower
bounds for the charge correlation functions g(x, ), g'(x, y). It also shows
the vanishing of Z(gé,)= {e“***)> in two dimensions as the volume gets
large. These last results are analogous to bounds proved by Frohlich and
Spencer™® for a class of lattice dipole gases.

We make a final remark concerning the thermodynamic limit of the
Brydges—Yau procedure. This is to note that there is a well-defined RG
transformation K/ — K’*! and generating functional Z(p) for the infinite
volume R“ This we can see because Egs. (16), (24), (26), (27), (31), (32),
(34), and (43) [plus (29) if suitably reexpressed ] make perfect sense for
infinite volume. All of our results, and those of ref. 1, if appropriately inter-
preted, hold in this setting. This, however, does not prove the existence of
the limit {K} 4y, — {K}ge. We have not yet shown that the infinite-volume
RG transformation is achieved as the N — oo limit of RG transformations
on tori A(N).
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2. RENORMALIZATION GROUP TRANSFORMATIONS

We begin with the precise definition of the model. The modified
inverse Laplacian on the d-dimensional torus A= A(N) is the operator v
with the smooth kernel

v(x, p)y=I4]"" Y, " 5(p)
pear (14)

B(p)=Pp 2" (1-6,,)

where A* = (2rL ~Z)" Then v is positive definite on functions f on A
with | f=0 and so defines a measure y, on a suitable Sobolev space #(4)
of (continuous) functions of this type. The initial interaction e ~” given by
(4) is rewritten in a polymer expansion

e =Y []KX, ¢)=Exp[ 0 +K(4)] (15)

(xy
The activities K are given by

Tlicx lexp(=V,)—1] if X is connected

16
0 otherwise (16)

K°(x, ¢)={

where V,(¢) is the potential integrated over a unit block 4. The sum
is over disjoint polymers, where a polymer X is a union of closed unit
blocks 4 with centers on Z9n A. Following ref. 1, Section 1, we have used
the “circle exponential” representation for the polymer expansion. The
generating functional (5) may now be written

Z(p) ="} = f ¢""? Exp[ 01 + K($)1 dun(8)/[p=0] (17)

We allow p to be a measure of bounded variation on A and interpret (p, ¢)

as [ ¢(x) dp(x).
Our goal is to perform transformations on this integral leading to
similar functionals

(09, = [ e® Exp(0 + K\, p) dita(#)/[p =01 (18)

where ¢, p, etc., are now defined on A, = A(N — j). Here the covariance has
Fourier transform

#(p)=Bp~(e” +07) 7 (1-6,0) (19)



1282 Dimock and Hurd

where 1 + ¢/ turns out to be an effective dielectric constant. The functionals
K/(X, ¢, p) are assumed to come from functionals K’(X, ¥, p) defined on

pairs Y = (Y, ¥ ,,), 4, v = 1,..., d, by restricting to =, = (0,4, 0,,¢). The
K/(X, s, p) are to be analytic in  on a neighborhood of the subspace
¥ =y, and analytic in p around p=0 (we are more precise about this in
Section 3).

We now define a single renormalization group transformation from j
to j+ 1. In the special case p =0 the analysis reduces to that of ref. 1. The
first step is a fluctuation integral integrating out high frequencies. We
define, for integer L =2, an operator v* =v*>/ by

5*(p)=Fp e + /)7 (1-0,0) (20)
and define a new covariance operator

C/=v/—p* (21)
Then we have

(09, = [ @O T du,e ($)[p=0] (22)

where
[-1=[ e &xp(0+ K+, p) dues(£)
=exp[—4(p, C/p)] | &xp(0 + KL+ +iC'p, p) dpcr(0)

=exp[ —3(p, C/p)] Exp(0 + K* (¢, p)) (23)

Here we take advantage of the analyticity in ¢ to make a complex contour
translation { — {4+ iC’p. The functional K#* is obtained from K’ in two
steps K* =7 #K’, where K— 7 K denotes the complex translation step
defined on K{(X, y, p) so that

(7 K)(X, ¢, p)=K(X, ¢ +iCp, p) (24)
and K — Z K denotes the fluctuation step defined so that
Exp(0+FK)=pici* [Exp(U + K)] (25) °

Indeed we define # K= K(1), where K(z) is the solution of

KO =piers K+ 3] dspipor (Byls) KyoNC)  (20)

where K, - K, is the circle product of functional derivatives.'”
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Next we extract relevant and marginal pieces from K*(X, ¥, p). The
point is to isolate and deal with separately the pieces of K* which do not
decrease in size under the RG transformation. From K7*(X,y,0) we
extract as in Brydges and Yau. A set X is called small (Xe %) if X is
connected and |X| = (the number of unit blocks in X) satisfies |X]| <29
as we discuss in Section 3, this definition is a little different from ref. 1.
Then define

Fo(X, ¥y)=K*(X,0,0)— ZF Y (x) 50 (X) ¢, (x)dx (27)
where
dal (X)= —p/|X]| f [O°K* /oy ,(x) 0y ,(¥)](X,0,0)dxdy  (28)

The extraction is

S FoX ) =14 E;— 37" 60 [ 19,17 (29)
Xe¥
We extract p-dependent parts only from K*(X, 0, p). The reason for
the y-independent extraction here (i.e., no ¥ terms) is that p-dependent
parts of K naturally have improved power counting compared to p=0
parts. For p#0, translation invariance is broken, eliminating volume
factors L in each RG step.
By analyticity in p we have

K7 (X,0.p)= 3. 1/p! | [67K*/3p(x,) - 3p(5,)1(X, 0,0) T] dp(x)
p=0

i=1

(30)

Let 6 =(d,,.., 0,), where each ¢, is a semiopen unit cube whose translates
are disjoint and cover A. Then we extract small set pieces from (30) and
define

EI(X, p)= Z YIUXUE,U - U, ed)
= 8

x 1/p! L (67K */5p(x1) - - 5p(x,)1(X, 0.0 [] do(xy) (31)
i=1
and

&/(p)=3 &'(X, p) (32)

X

822/66/5-6-7
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The overall extraction is the sum of (29) and (32) and is implemented
by finding a polymer activity §K* so that
Exp(0+ K ) p) =exp {81(p) + 1) B~ 4" 60’ [ 10917}

x &xp(0)+ EK7 )4, p) (33)

The full definition of £K* is given in Section 5.

In preparation for a rescaling by a factor L, we introduce a reblocking
operation. For a polymer X, let X be the smallest L-polymer containing X,
where an L-polymer is a union of L-blocks. Then we define, for any
function K on polymers, a function #K on L-polymers U by

(#K)(U)= Y, [T1K(X) (34)

{xi}

where the sum is over collections of disjoint polymers {X,} such that
\U; X, = U and the overlap graph on {X,} is connected. [ The overlap graph
is all pairs (i, j) in the index set so X, X, 3.1 By classifying the terms
{X;} in £xp(0 + K) according to the L-polymers they determine by the
above rules, we obtain

exp(O0+K) =Y [l (BK)U,)=&xp (0 + BK) (35)
Yo

{U;
Then, defining K* = #6K*, we have
Exp(O + EK*)=ExpD(0 + K*) (36)
Now combining these steps, we get
(e, i=exp[—3(p, C’p)]

X U i, PP exp {@@f‘(p) + 14, E— 1! wj [a¢]2}

x Exp(T +é”K#)]/[P=0]
=exp[—3(p, C/p) + 67(p)]

xje“""’” Exp™(O + K*) du,./[p=0] (37)
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where in the last step we have absorbed —38~' 66/ | [3¢]° into du,« and
defined

5*(p)=PBp e " + 07t ) T (1=6,,)
o' =0'+307

(38)

Finally, we scale by a factor L to obtain a theory on 4,,,. We set
K/*!=%K* where the scaling operator & is defined on K(X, ¥, p), so
that

(PKNX, ¢, p) = K(LX, ¢, p) (39)
with ¢, (x) = L*~'¢(Lx), p,(x)=L“?*'p(Lx). Then we have

PPy, i=expl—3(p, C/p)+&7(p)1 e, iy (40)

Now we iterate this. Given p on A,, define p’ on 4, for 0< /<N by
p’(x)=p(x), and then

N—1
Z(p)=exp{ > [=3(p, ijj)+@“”(ﬂ’)]} Py (41)
=0

This is the expansion. Note that the exponential has the form 15, Z;(p)
referred to in the introduction.

It is convenient to take one last complex translation and fluctuation
step. With the special definitions C¥ =v", A= 4 (a unit block), this yields

(e N0y w y=exp[— L™, C¥p™) 1 Exp(T + K# V)0, p™)/[p=0]
=exp[ —(p", C*p™) (1 + K*¥)(4, 0, p)/[p=0]
=exp[ —4(p", C¥p™) + EV(pY)] (42)

Here we have made the special definition &"(p)=1Ilog{(1+ K*)(4, 0, p)/
[p=07}. Thus, we find the formula

Z(p)=exp[ —3(p, wp) + &(p)] (43)

where

(p, wp)= 3. (p’, C'p’)
fjv° (44)
8(p)=2 &'(p))

J=
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3. NORMS

We control the development of the polymer activities K(X, ¥, p) by
estimating the size of certain norms which measure growth in y, decay in
X, and analyticity in ¥ and p.

The variables ¢ = (i, ¥,) and p take values in Banach spaces which
we now specify. For ,=(y,) and ¥,=(y,,) we assume that the com-
ponents are elements of C(A), the continuous functions on 4 with sup
norm, equivalently, y,e C(4 x 2,), where Q, is an index space, a=1, 2.
For the measure p we assume it is an element of the dual space C'(A4),
which is identified as the regular Borel measures with the total variation
norm.

We assume that K(X, , p) is analytic in ¥ on an open strip around
the real subspace Y =y, = (0,4, 0,0,94), ¢ € #,(A), and analytic in p in a
ball around 0.

For n=(n,, n,) and p let K, (X, ¢) be the derivative of K(X, ¥, p) of
order n with respect to Y at ¥ =y, and of order p with respect to p at
p=0. This is a continuous multilinear functional on C(Ax )" x
C(Ax2,Y*x C'(A)?, symmetric in each of the three entries. We further
assume that this functional is given by integration against a bounded Borel
function from A7 to C'(A"), where A7 = (4 x Q,)" x (4 x 2,)™. The value
at x=(x;,.,Xx,) is a measure on A" which we denote K, (X, ¢, x).
Formally, we might represent the measure by a function K, (X, ¢, &, x)
with &= (&1,.., &, E1bmn £2) in A", Then, formally,

o" " PK(X, ¥, p) ]
dp(xy) - 3p(x,) BY(&7) -+ O (7))

This is the notation we have used in Section2 [if &= (x, u), then
Y(&) =y ,(x) and if &= (x, p, v), then Y(&) =y .(x)].

Our basic locality assumption is that the measure K, ,(X, ¢, X, £) has
support in & in X" = (X x 2,)" x (X x 2,)" (there are no collars around X
as there are in ref. 1). The localization in x is not strict.

We first define the norm of X, (X, ¢, x) to be the total variation norm

1K, (X, 4, X)[[ = sup [K, (X, ¢, x; F)| (46)

1Al <1

(45)

Y=yg,p=0

K, (X, 6, £, %) =[

where Fe C(X"). Actually, we usually consider the restriction of the
measure to A =4, ;x --- 4, , x4, ;% ---4,, with 4,€ X and so consider
“Kn,p(Xa ¢’ X) IAH

Dependence on the variable ¢ is dominated by a large-field regulator
G = G(X, ¢) which will have the form

G (X, ¢)=exp([04]5x+ 1/c|24l5x]), x>0 (47)
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where [|04]2 , is the Sobolev norm of order s on X, and ¢ is a constant.
This is the choice originally introduced by Gawedzki and Kupiainen.® It
differs from the G(X, ¢) of Brydges and Yau, who introduce collars around
the region X instead of a boundary term. In the Appendix, we show that
properties required by ref. 1 are still satisfied by (47). We define

1K, (X, X)lg= sup [K, (X, ¢ x) G (X, ) (48)

@€ H5(X)

Dependence on the set X and points x is controlled by a large set
regulator I'=I'(X, x) to be specified below. We define

Sup Z F(Xa X) ”Kn,p(X5 X) IA“G) P#O
1K, ol r= e (49)

sup . T(X) 1K, olX) Lalla p=0

40 4,Xs 49

We assume translation invariance of K, so that the p =0 norm does not
depend on the explicit pin at 4,. It is an important feature that for p #0,
the sum on X is not explicitly pinned (but is implicitly pinned by x). This
eliminates for p >0 the volume growth factor L? which always occurs for
p =0 (see Proposition 5).

Finally, for #=(h,, h,), B" = hT'h5* we define

1Kl G.rnw= 2, (H/n)(u?p!) 1K, Wl 6.r (50)

np

For K independent of p the norm is independent of » and reduces to the
norm ||K||s, 5 of ref. 1.

If |Kllg r5.< oo for some choice of G, I', h, and u, we say that K is
a local analytic functional. Such a functional has power series expansions
in a strip of width 4 in Y and a ball of radius « in p.

In the remainder of this section we discuss the large set regulator I
For p=0 we make a choice as in ref. 1,

I(X)= AM0(X)
where A= L?*?, |X| is the number of unit blocks in X, and

o(x)=inf [] 6(5]) (51)

T bet

Here 7 is a tree composed of bonds b connecting the centers of blocks in
X. Throughout this paper, lengths such as |b| are measured in an /%
metric. The function 0 satisfies 8(s)=1 for s=0, | and

O({s/L})<L“"'0(s), s=2 (52)
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where {x} denotes the smallest integer greater than x. As s-» o0,
B(s) ~s9+ 1,
For I'(X, x) and p >0 we require

rx x)=1 (53)
FXOY, (xy)<I(X,x) [(Y,y) 0(dXUé,, YUS)) (54)

A possible choice is I'(X, x)=1(X v d,), where 6, =45, v --- LI, and 5,
is a unit square containing x. Then, if |K| s ., <o, we have that
K, ,(X, x) has power law decrease in the separation of the components of
x from themselves and X.

However, because of the rescaling of p at every iteration, we will need
to estimate after j steps the decay of K7 (X, L™x) and still obtain the
same power law decay in x. Thus we need extra factors of L~! in the
bound for K’ and so extra factors of L in the norm.

Here is the modification we employ. Let n(x) be the number of con-
nected components of x, where we regard two points x,, x; as joined if
|x, — x;| < a Here a is an arbitrary parameter; later we take a= 24 Define
N, (x) inductively:

No(x)=0
| (55)
N, (L7 7x) = N;(x) +n(x)
Equivalently, N,(x) =3/ _, n(L*x). Then we set
(X, x)=LY9?-DN®(x U8 (56)

Note that (53) and (54) follow by observing that n(x U y) < n(x)+ n(y).
To understand the factor L@2- D& or better, L#?— DN we
have the following result.

Lemma 1. Suppose j is large enough so that diam(L ~/x) < a. Then

LE2=D N > L(d/Z\l)j(T(X))d/z—l (57)
where
T(x)= [] (lx,—xsl/a) (58)
(a.Ble

|xq—xgl >a
Here 7 is a tree on (1,.., p) minimizing the total length 3, 5., |x, — x4l

Proof. The connected components of x can be obtained by deleting
the bonds («, f) in © with |x, — x| > a. Thus, we have

nx)=1+ ¥ 1(x,— x4 >a) (59)
(o, B)e
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The same t works for L*x, and so

Jj—1

NAL7x)=Y, n(L *x) (60)
k=0
Jj—1
=Y [1+ Y I(L‘klxa—~x[,!>a)]
k=0 (a,B)ez
>j+ ). min(j log, [x,— x4l/a) (61)
(e, B)et

Xz —xp| >a
Since we assume j>log, |x,— x4|/a, the result follows. J

On the L-block scale we define
FOIHYY x) = LER= DN PG §ih) (62)

where N (x)=N,, (L™'x) and I''"(U) = I(L™'U).
In Section 6, we will need to estimate 7'V in terms of I". For p=0 we

have the result of ref. 1:

r(x), Xe¥

L7 1(X), X¢F (63)

r'x) <{

Their proof contains an error, since it uses the implication X connected and
X ¢ % = |X| <|X|. There are easy counterexamples. This is why we needed
a new definition of small sets. For us the hypotheses imply also [X] > 2¢
and then the implication is true, provided L >2¢ which we henceforth
assume. A further remark on small sets: An alternative procedure is
possible which works for any L > 2. We can take the small sets of ref. 1, but
a modified notion of connectedness. This alternative leads to a number of
tehnical modifications of ref. 1 which are avoided by our adoption of the
clumsier definition of small set and the assumption L > 2¢
For p =1 we generalize (63) to the following result.

Lemma 2. The following relation holds:

L7t Xué ed

64
L3 Xud ¢ (64)

F‘“'j“(z\_’,X)SFj(X,X){

Remark. This result is not exactly what will be needed in Section 6.
For any y > 1, if we choose 8 and A4 so that

O({s/L})<[e(y) L1171 0(s),  A=c(y) L (65)
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the proof which follows extends to the bounds

1, p=0, Xe¥
o : L™ p=0, X¢<&
(1).j+1 —lxvé i > s
POIE ) <)y PRI an D s e (6
L3, p=2l, XUd, ¢
The quantity c¢(y) =y2d goesto 1l as y - 1. [In ref. 1, ¢(y)=2.]
Proof. We have
rOJ+ 1§, x)y= L@2- DM@ @2 -0y gy § ) (67)
We will show that
. L7\ N(X U6y Xud e¥d
L(d/Z—l)n(x)F(l) X 5 g x/? X 68
(Yoo, {L‘3F(Xu5x), xus. ¢y (O
and then the required result follows.
For n(x)=1, we use (63):
- L77'M(XUsé) Xud ed
Lér-nriyg,y s < x/) x 69
(X0, {L3F(Xu5x), xuoey &)

[Note that n(x) =1 includes all cases X U d, e £.]

For n(x)>1 we first suppose X U J, is connected. The proof of (68) is
by induction on p, the number of points in x = (x,,.., x,). If p=1, then
n(x)=1 and the result is true. For p> 1, let 7 be any tree on X U §_. Since
n(x) > 1, there is a pair (x,, x5) with |x, — x4/ > a =27 The chain of bonds
in 7 joining J,, and J,, must then join at least 27 +1 blocks, and any such
chain (being a large set) must contain unit blocks &, é, which lie in the
same L-block A*. Break the tree between 6, and 4,. Then we have a split
Xudy=(X,Ud,)u(X,ud,,) where each piece is connected and has
blocks in A4*. Since A4* is double counted, we have

I'(Xud )<L ' r'YX,ué, ) r'Xx,ué,,) (70)
By the inductive hypothesis we proceed with
LE2=Dn0ray gy § )
SL4 D[L@2-Drop (R, G § J[LW? - Dmeri(X, 08, )]
SL7I(X, 06, ) I(X,08,,)
=L7M(Xud)) (71)
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Finally, suppose X U 6, is not connected. The proof is by induction on
the number of connected components of X U d,. If there is more than one
component, we write XU d,=(X,ud, )u(X,Ud,), so that X, U4, is
connected and

I'Xué)=TI(X,0d,)I(X,0ué,)0dX Vi, ,X,06,)) (72)

x>
Then we have by (54) and the inductive hypothesis
L= r(Fy§,)
SLWP=0mOpM(F G ) L@ DR, 08, )
x0(dN(X,ud, , X,06,,))
<L7IM(X,046,,) X, u 0,) 0(d(X,0d,,,X,06,,))
=L M(XUé,) | (73)

Here we used the 6 bound (52), which holds since d'V(X, Y)< L~ 1d(X, Y)
and d(X,ud,,X,0d,,)=22 |1

4. ESTIMATES ON #K, 7K

In this section we obtain estimates on the size of the polymer activities
K under each of the renormalization group steps K — K, K— 7 K. The
estimate on K — # K is based on similar results of Brydges and Yau'") but
now generalized to take into account the dependence on the external field
p. The estimate on 7 K is a generalization of a result in ref. 2.

In the following we often want to take the functional derivative of a
product of functions. For the product functional K(p)=K"'(p)---K"(p),
where K’ is defined on pe C’(4) and has derivatives given by bounded
Borel functions, we have that K is differentiable and the pth derivative is
given by the formula N

Kp(x) = Z I_I Kin([)!(xn(i)) (74)
neP(N,p) i=1
Here the sum is over ordered partitions of {1,.., p} into at most N sets, i.c.,
ne P(N, p) is a map from {1,.., N} to subsets of {1,.., p} (possibly empty)
such that z(i)n=n(j)=g for i#j and {J,n(i)={l,., p}. For x=
(X1, X,) we have defined X, = (x,), c -

For a functional K(y) =TT, K() with K" defined on y = (Y, ¥,) €
C(AxQ2)x C(AxQ,) with derivatives given by measures, we have that X
is differentiable and the derivative of order n,, n, is given by the measure

N
Km,nz(él’ 62) = Z l—I Kfn(i)l,lw(i)f(é\lq(i)’ f\2'2(1')) (75)

vie P(N,n) i=1
vy € P(N,n2)
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where &%= (¢7,., &) )e(AxQ,)™ a=1,2. (Here we have written the
measures as if they were functions.) We abbreviate (75) as

Kn(é) = 2 H K v(:)[(év(x) (76)

ve P(N,n} i=1
For a function K(i, p) of both variables a similar product formula holds.

Proposition 1. Let C be the covariance of a Gaussian measure
and suppose a continuous family of large field regulators g(¢), 0<r <1,
satisfies the homotopy property

hosexgls)<glr), O<s<i<l (77)

and Eq. (83) below. Suppose (X, x) satisfies (53) and (54). Let A= (h, h),
h =N, k), K" <h, be given and let K=K(X, y, p) be a functional such
that

k)

K| ST 78)
oS G| (

]

where ||C,| is given by (87). Then there is a functional # K =F K(X, ¥, p)
such that &xp(0 + FK) = pu, * Exp(0 + K), and ‘

17 Kl g1y, rou < UKl g0), 0 (79)

Proof. We have #K=K(1), where K(¢) is given by (26). In detail
this says

K(t, X)= o K(X) + 3 fds Y Y fad

X1.X2 ay, a2

x C(&;, &) Hu-syc * [Kal(S, X, ¢1) Kaz(sa X5, 8)]  (80)

Here the sums are over disjoint pairs X,, X, with X, uX,=X, over
a,=(1,0) or (0, 1), and over ¢, in (4 x Q') or (4 x 2?%), depending on a;.
Taking derivatives, we have

K, (1, X, &, x)
= e * K, (X, &, x)
HaY ¥ Y ¥ [
X1,X) at,ayp veP(2,n) me P(2,p)
X t—sye * [Kay v vy men (8 Xis €8 Sy Xaqy)
X Koy vy, @18 X2 €55 &o2ys X)) ] (81)



RG Analysis of Correlation Functions for Dipole Gas 1293

[Note: (¢/,¢,4) is understood to be arranged so variables in 4 x Q'
precede variables in 4 x Q2] Inserting characteristic functions, and using
the consequence of the property (77),

H,u'(t—s)C*A” a0 S ||A”g(s) (82)

and since X, N X, =,

g(S>X):g(saX1) g(S, XZ) (83)

we find

”Kn,p(t, X’ X) IA” g(n) < ]lKn,p(X’ X) IA“ 2(0)

jdsz Y J Y 45,4

X1, Xy a,ax v,m 4,45

X H “Ka,-+|v(i)f,\7z(i)|(s’ X;, xﬂ:(i)) IA,TXA.,(,-)”g(s) (84)

i=1,2
where

C(4,, 4;)= sup sup |(373C)(x,, x>)| (85)

las] €2 x;ed;

Next we do the sum over X and 4. Since X;3 4, we may use from
(54)

T(X, x) S T(Xy, X)) I(X, Xpg0)) 0(d(47, 45)) (86)
We define
[Coll =sup ) C(4,, 4,) 0(d(4,, 4,)) (87)

Then we claim that

“1&,, p(z)“ g(1), F\ ” p” g(0),

+f ds Z Z [ Coll H 1K g+ oy 1m (S g5y r - (88)

al,a; v,m i=1,2

For p =0 the argument is given in ref. 1. For p > 0 we generalize as follows,
taking into account the dichotomy in (49). Either |n(1)] #0 or |n(2}| #£0;
suppose |n(1)] #0, but possibly [n(2)]=0. Then we sum over
{X,: X,34%} and 4, (but not 45) to identify something dominated by
1Ky + 1vc2)), 121 | g0s), - Next do the sum over 45 to identify ||Cyl|. Finally,
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sum over X, 4,q,, 47 to get | K, o vy eyl g.r [nO pin is required,
since |m(1)| #0].

Now the sums over partitions into two sets only depend on the
number of clements in each set and we simplify to

”Kn, p(t)“ g(), I < ”Kn,p“ g(0), I"

t ! !
L Y Y T

tnlp! !
ata nitm=n pr+pr=p 120 P1 Pa

X I—[ ||K0,+ni,pi(s)(| g(s), I” (89)

i=1,2

Multiplying by A"/n! and u”/p! and summing over n, p yields
VKO gy, 1o < K g0, 11

+ICol [ ds 0/oh 1K) sl (90)

This differential inequality gives the result by ref. 1, Lemma 8.4.

Proposition 2. Let K(X, i, p) be a local analytic functional and
let

T K(X, §, p) = K(X, y +1i(6Cp, 6°Cp), p) 91)
Then 7 K is a local analytic functional and
17 Kl rmu < IKll6, 04+ 5 1¢siwu (92)
where y =sup,. 4, ['(, x) and | Cy| is given by (87).
Proof. We compute, for p #0,
(TKy (GEX= T [ K monXs (& 8 X)) T1 €& %) dE
neP(3, p) ren o)

Here n=(n(0),n"), =n'=(n(1),n(2)). We have &' =(},&5) with
e (Ax Q). Also, (£, &') really means ((¢), &)), (£, £3)).
Inserting characteristic functions and taking the norm yields

“(g‘-K)n,p (Xa X) IA”G

SZZ 1K & 1t oy (X X o) LasallG H C(4;,4,) (54)

rem’
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where A'= {4,:ren’}. By (54), the large set regulator satisfies

(X, ) < T(X, Xo0) [ I yocda., Ax,»] (95)

ren’

since X' 4,. Therefore

T K pllgr<Ysup ). [l—[ vCe(A'r,Ax,)}

T x X, 4,4 Lren’

X T(X, Xr0)) 1K,y 4 11100y (Ko Xng0)) Lan arll 6

<ZVW ||C9”|M ||.Kn+|n'1,|n(0)] ||G,r (96)

The last step is straightforward for the terms with #(0)# & if we use
Co(d', Y| Cyll. If =(0) = &, 7' (0) # &, let s be an element of 7', Keep 4
fixed and sum over X, 4, {4,},.,. Then X34, and so we can identify
something dominated by ||K, |z xo0)ll - Finally, sum over 4; using
24 Coldl, 4, ) <N Coll.

We continue- with

p!
T K pller< ) —,—,—p—,(v 1Col)” "7 WK, ol (97)

po+pi+p 07 P10 2
=p
Now multiply by A"/n!, u”/p!, sum over n, p, and rearrange the sum to get
the answer. |

5. ESTIMATES ON &K, 4K

In this section we obtain estimates on &K, #K generalizing similar
results of Brydges and Yau,"” who combine # and & into one step #&. We
begin with a precise formula for the extraction operation K — &K, which
yields the modified functional &K after extracting > , F(X), F(X)=
Fo(X)+ €(X) from K

Let R(X) = (e —1)(X) (=0 if X¢ &), let I(X) be any function satisfy-
ing I(X)= K(X)— F(X) (ie., they are equal when y = y,), and define J(X)
by

JX)=IX)+FX)— > [J]RX) (98)

{Xi}»X i
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The sum above is defined to be empty if X is not connected, and to be over
all collections {X;} of distinct polymers with |J, X,= X if X is connected.
The condition on &K taken from ref. 1, Eq. (2.6) is:

Exp(0 +EK) =Y (6xp J)(X) exp [— SR Y):| (99)

X Y YmnX#=¥

We expand &xp J and perform a Mayer expansion on exp[ —> , F(Y)] to
obtain the condition

Exp(O+6K)=5 Y T1Jx) ] (e F—1)(Y)) (100)
{xi} (¥} J

where the {X,} are disjoint, the {Y,} are distinct elements of #, and each
Y, intersects some X,. Grouping together sets that intersect, we fulfill this
condition if &K is defined by

FK(X) = Y [T/X) ] (e F=1)(Y)) (101)

{(xih, {¥j}>x i J

The sum here is over collections {X,}, {¥;} which satisfy the above condi-
tions, (| X;)u (U Y;) = X, and whose overlap graph is connected.

To complete the specification of £K, we must specify I=I(X, y, p), so
that /= K— F and yet is irrelevant. If X¢.%, then F, R=0 and we take
I=K. We write

K(X, ¥, p) = Ko(X, ¥) + K, o( X, ¥, p) (102)

where K, = K(p=0), and similarly I=1,+1,.,. Then, for X € % we define

1o(X, ) = (Ko(X, ) = Ky <2.0(X, W) + WX, §) (103)

where K, <, o(X, ¥) is the expansion of K, up to second order in y,

Ky2olX ¥) = Koo(X, 0)+ 4 Y [ v dy Kool X, 055, 1, 3, v) ¥1,0x) 1)

v

(104)
We need W=K, ., ,—F,, and we choose

wixw) - L [

a0

X [')}xz,a(s) lpua('yxz(s)) lPv('yyz(s)) + '}}yz,a(s) ‘p sz( ) l/jva('yyz ]
(105)

J dz J dx dy Kz’o(X, Oa X5 Wy s V)
X
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where y,, is a curve from z to x lying entirely in X defined in some
standard fashion. Lastly, we define

1p>0(X’ lll’p):Kp>0(X’ l/’a p)wé’(X,p) (106)

To estimate £K, ZK we will use the following result. Let .#(N, X, t)
be the set of all ordered N-tuples (X|,.., Xy} of nonempty subsets of X
such that:

L. U, X=X
2. At most 7 of the X, overlap.

3. The overlap graph for X,,., Xy [ie, all pairs (i j) so
X,nX,;# ] is connected.

Lemma 3. Let .# <. #(N, X, t) and

K(X)= Y [T K'(x) (107)

(X150 Xnle##t i=1

Then for y>1 and >0

N
K] Ge). I h, JSN!(4- 3d/10g / H |Ki“ Gle/t), 7T hu (108)

where (yI)(X, x) =y"I'(X, x).

Proof. (Compare ref. 1, Lemma 5.1.) Taking derivatives, we have

Kn,p(Xa ¢ x)= Z Z H Kfv(i)[,]n(iﬂ(Xia év(f}’ Xn(i)) (109)
1\;2?2};]}\\/{)} (X1, Xyye i

Lemma 9 in the Appendix shows that

G(e, X))~ <HGS/‘L’ X))t (110)

We take the measure norm of (109) on 4, multiply by this inequality, and
take the supremum over fields to obtain

[ K, (X x) Lillge < Z Z l_[ “K[v(z]l Jn(1)|(X15 X)) 1 Av(”“ Gleft)

v (X1, XN)

(111)
Next, by the overlap connectedness, we have

I x) <[] IN(X e X)) (112)
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We multiply by this, sum over X and A4, and sup over x. Then the sum over
(X5, Xp) is estimated in a standard way by summing over trees T on
(1,..., N) and then summing over (X|,.., X ) with overlap graph containing
T. We prune the lines of T from the twigs inward, using for each line (i, j)
the bound

Z z ‘XirSﬁl I'X;, x) HKl\'v(i)Ln(i)(Xi; x) IAV(,)H G(e/t)

Ayyy Xi Xion Xj# &
<(6;,— 1)! (log “/)f(ai_ b (3d 1X;) “Kiv(z’n,n(i)ﬂ Gle/t),pI" (113)
Here 9, is the coordination number for i in the graph 7" and we used

X177 < (8, — D! (log y) == Dy (114)

For p>0, we leave until last the sum over X, where i, is chosen so

that n(iy) # . In the last step no pin is needed and we just get
0;! (log y) % ||K13(i0)‘,n(io)i! Glefr),yT
Thus we have

1K, pll oy r < 3 85! (logy) ™% [ [(8,—1)! (logy) =1 3]

v, T iF*igy

X l—[ ||Kfv(f)\,|n(i)1”G(s/r),yr (115)
i

Now 8,)<(N—1)@,~1)! and ¥, TT(8,— )I<(N—2)14¥"1 (by

K

Cayley’s theorem) and Y, (6;— 1) =N — 2. Thus,

”Kn,p“ Glenr < (N—=1)! (3d'4/108 Y)N_l Z n “Kfv(t)|,1n(i)|” Gle/t),p I

SNt(@4-3%ogy)™~" ), alp!
ni=n3pi=p
1 .
XH—F-! o 1K, pill Geereyvr (116)

For p=0 the argument is similar.") Now multiply by (k"/n!)(u?/p!)
and sum to complete the proof. |

Lemma 4. (a) There are constants ¢, C such that for any g

£ Gle) b S c(1+ I/Bh%) K] e T hu
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(b) Tf K|l 1 nu< c(eh?/1 +h?), then

e=F — IHG(s),I",h,u< c(1+ 1/3}’%) Kl g,F,h,u<CC

+F - 232 K 2 < 2C (117)
le*" = 1F Fllge, ryne < C(L+ 1/ehy)" | Kl g rpuSc

Proof. (a) The bound on Fy(X, ¥)= F(X,, 0) is proved in ref. I,
Lemma 4.1. For F,_ =& we simply note

K, ,(X,0,x) if p#0and Xué,e¥

) (118)
0 otherwise

500%) =
and hence {|&] < | K]
(b) This follows from (a) as in ref. 1, Lemma 42. 1

Proposition 3. Let chi>1, 0<de<e, and 1<y<2 Then there
are constants ¢, C,, C,, C;, so that if

1Kl 6oy, y2rnu < € 1087 [de hf/('f +deh})] (119)
then:
@) WMlige,rn.<CilKlge,rmu
(b) I~ Il gy, ron. < (Cyflog y)(1 + t/eh?) “KHZG(e),yF,h,u
(©)  NEK =TG5+ 500,100 < (Caflog y)(1 + 7/0eh?)* | Kll Gioy 2

Here 7 is the maximum number of distinct small sets with nonempty inter-
section,

Remarks. Combining (a)—(c) gives a bound on ||§K]. The quantities
&K —J and J — I are seen to be of ¢(]|K|?) and hence small. However, the
crude estimate (a) on the first-order part I does not exploit the cancella-
tions introduced by the extraction operation, and so does not show the
required contraction. An improved bound on I using these cancellations
will be proved in Section 6.

Proof. (a) The result |1, <O(1) [[K,| for I(X,y)=IX,,0) is
just as in ref. 1, Chapter 4. For the p derivatives of I (p > 0) we have
[n p(X’ ¢;x)={Knp(Xa ¢,X) if n>.00rXu5x¢=7
‘ Ko, (X, ¢ %) — K, (X, 0; x) otherwise

(120)
Thus {1, <2 K, .
(b} Recall J—I=(F—R)—-R", where R=¢—1 and
R* =Y UN! Y TIRX) (121)
N=2 (X1,s Xn)y i

822/66/5-6-8
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Here the sum is over (X,.., Xy)e #(X, N, 1) with X,# X, and X,e &. By
Lemma 4b we have

LR ooy, p ot < CQU+7/eh7) 1K 601, vrm, (122)
1F— Rl ey, rn.<C(1+ T/Shf)z I Kl ZG(s),F,h,u (123)

By Lemma 3
|[R* Ge), INhu Z d/IOg 7)N7 ! I R g(e/,),,,r,h,u (124)

Now using (122} we find
R VG yrmu<(2-4- 3d/IOg 7) Cz(l + T/ghf)z HK”zg(e),yr,h,u (125)

provided c is taken small enough so that the infinite series is dominated by
twice the N =2 term. The required bound on |J—I| (with a new constant
C,) follows when the bound on R* is combined with (123).

(c) We write

1 N
EK=NX)= ¥ 3 L Y Iluax)
Nz1,M=0 (X)sers XN) (Y150, Yg) i=1
N+Mz=2
M
x [T (e F=1)(Y)) (126)
j=1

where the sum is over sets (X,.., Xy, Yy, Yur) in A (X, N+ M, 7) such
that the X, are disjoint, the Y, are distinct elements in %, and each Y,
intersects some X,. Thus, we may apply Lemma 3 again. However, first
note that because of the additional restrictions on X;, ¥; we may replace
(110) by

Gle+de, X)~' = G(e, X) "' G(¢, X)~*

ﬁ G(e, X;)~! ﬁ G(de/r, ¥;) ™! (127)

j=1

With this modification we have

”(g)K_J” Gle+ de), I hu
' LA\ N+M—1
< 3 (N+M)! (4 3)
NU'M! \logy

Nzl,M=0
- IHCAEI((SS/r),yf,h,u (128)

N+M=2

x |1 g(s),yf,h,u fle
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Combining (a) and (b) yields
I Ger, i < 2C 1 1K 62,52, (129)
and by Lemma 4b
le™" = U ssserprmu < C(L+t/08 BT I K| 6o,y (130)

Insertion of these two inequalities into (128) leads to the required bound
provided c is small enough that the infinite series is bounded by twice the
N+ M=2 terms. |

Now we turn to the estimate on #K defined in (34). The natural
estimate for K is in terms of a new norm for K [cf ref 1, Eq. (3.2)]:

(KIS p =Y hu?/n! pUIK, I3, (131)

np

where

sup Y I(X) K, o(X) Ll p=0

1Kl =g A7 axso ) (132)
Sup Z F(Y’ X) ”Kn,p(Xa X) IA”G p7&0
X ax

Here I is a large set regulator on L-sets and 4{" is an L-block.

Proposition 4. If0<d<1 and

KIS pon . < O(log y/4 - 39) (133)
then
|BKl 6. rpa< (=8 IKIG rn. (134)

Proof. The definition of #K almost fits in the framework of
Lemma 3 and we follow that proof, noting the differences. Since the X, do
not intersect, we may replace (110) by G(U) ' <[, G(X,) "', by taking
Lemma 9 in the Appendix with 7= 1. The connectedness condition is on
the X, so we use I(U, x)<[I, I(X;, Xy) instead of (112). Instead of
(113), we have

Z z |/\7i|5i_1 F(Yia Xx) ||K|v(i)|,|n(i)|(Xi; X) 14”“6

Ay X XinXj# &

<(6;,— 1) (log V)g((s"— b (3d 11‘7;') “K|v(z’)|,ln(i)| i (Gl)yf (135)
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This yields
1BKli6, ran< Y, (4-30g )" (KIS, 00"
N=1

<=8 KIS s 1

Proposition 5. Let I"Y) and I be large set regulators which- satisfy
the inequality (66) for some y > 1. Then, for any K,

1Ky =0l ool G n < (@) LYK, —ol pllGptr (136a)
1Ky >0 Lol Gr 0 4 <€) LN IK, Lol g6yt (136b)
1KY G 0 <) LT 1KY 56 p-1r (136¢c)

Remark. We use the notation 1, to mean 1 » and 1, for

Xudge

1Xu6x¢.9"

Proof. For (a)
HKp:olyH (Gl,)ru),h:SUP Z r'x) HKp=O(X) Lallg,n

1 -
A(()) A,XG.SF;XDASI)

<c(y)sup ) Y T K, —o(X) Lallgn

1 .
4 ggc gl AXeF:X >0

<e(y) LYK, —o1 gl y-1r

In the second line above, the sum over 4, is over unit blocks of 4{". The
proofs of (b) and (c) are similar. For (b) there is no factor L, since there
is no pin for the sum over X. |}

6. THE MAIN THEOREM

We are now ready to state and prove bounds on the functionals
K’(X, ¥, p). These will be used in Section 7 to determine bounds on the
correlation functions.

Throughout this section, # is a parameter with 1/2<#<1 and C,
stands for constants which satisfy C, —» 1 as n— 1.

We describe the specific norms used to measure the quantities K/. The
large-field regulator has the form G/(X, ¢)=G,(LX, L~ 9>+ ¢(-/L))
from (47), with

K1=K°(§ z) (137)

Then x° <’/ < 2x° and we choose x° small as specified below.
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The large-set regulator IV has the form (56):
(X, x)= L@~ DVOP(XU6,) (138)

where I'(X)= A"™O(X) satisfies (65) with y=75"". We will also consider
n*I"” defined by

(7Y (X, x) = n*" (X, x) (139)

These also satisfy (53), (54).
The y-derivative weights are independent of j and are taken to be

h=ho(1, 1) (140)

where hy=aL'¥?*! and a is arbitrary, except that we want a=0((1—») 1)
ifn—1.
Finally, the p-derivative weights are taken to be

W = [ —@2=1j,0
u < (L=n) ROI(4) | Cyll) !

Theorem 1. Fix 5 and let L be sufficiently large, or fix L> 2
and let n be sufficiently close to 1. Then for z real, |z| sufficiently small
(depending on L, ), and 6° =6 |z| e"I"°(4) we have

1K) g1, r1.p < 87 = (C/LY 8° (141)
for some constant C=C, with C,/L <1/2.

Proof. The proof is by induction on j. For j= 0 the functional K’ is
independent of p and we use the result of Brydges and Yau" (see also
ref. 2). We have

1K 60,10 < 6° (142)

provided |z| is small enough that 6°< (8e) .
Now we assume (141) holds for j and then prove it for j+ 1 through
the sequence K* =7 FK’, K*=#6K*, and K/ ' = SK*.
For the first step we introduce
G*(X, $)=G /X, )

, (143)
(X, x) = (nl”)(X, x)

We interpolate between G/ and G* by

g, ) =[G (X1~ [nMe* (T (144)
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Then g(1, X) satisfies the homotopy property (77) provided x° and hence
x/ is small enough, as proved in Proposition 6 in the Appendix.
By Proposition 1 we have

liij|‘G#,F#,nh,uJ= HfK’H g(1), IV, nh,u/

< ||K]H g(O),Fj,h,u/géj (145)

provided 6/<(1—n)*h3(16 ||Coll) ™", and it suffices that &° satisfy the
inequality, which gives another condition on |z|.
Furthermore, by Proposition 2 we have, for K* = 7 (F K/),

HK# “ G#,I'#* n2h,u < ||=97KJH G#*,I'# nh,u < i (146)

since y* =nL“*~1I[(A4) and so

n*ho+y7 | Coll /= nho +n1(4) |Coll u® < nho (147)

Now define
G*(U, ¢)=G.-(U, )
r*(U,x)= 1"+, x) ©(148)
/’l* =h0(L~d/2, L~d/2- 1)
We will use Proposition 3 and the bound on K* to show that

H"’@K#” (Glz,wlr*,h*,ujg(cn/[‘) 6j (149)

Then by scaling for K/*'=¥K* G/*'=%G* and I'"'=%I* and
using Proposition 4 for K* = Z(€K*), we complete the proof with
HKjJA” GI+L I+ i+l = “K*“G*,r*,h*,uf
<N IEKFNG i pe
<(C,/L) 8 =8/%1 (150)
[The condition on || €K * || for Proposition 4 is easily satisfied given that
(149) holds.]

To establish (149), we estimate §K* — J, J— I, and I separately. First
note that n~'I'* and #I"* satisfy (66) since
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(n )&, x) = (g~ )M 7+ VX, x)
LYY Xué,e¥d
L3 Xud, ¢s

L1 Xuéb e
L} XUd ¢S

< Y[, () (X, x)] {

- ¢ x| (151)

Thus, we may apply Proposition 5. We follow this with Proposition 3,
using also h* <h* =n%h to obtain
IEK* —TNG 1w pm o
KC LUNEK? — Tl ger# 1%,
< C, LYCy/|log nl)(1 + 2V Veficohg)* | K7 [ Go o e
<(1—y) L1 (152)

where the last line follows if 5° is sufficiently small.
Similarly, we have

=I5 e e < (X —n) L7107 (153)
To complete the proof of (149) and the theorem, we will establish
NG e e < C L7107 (154)
Recall that I=1,+1,., is defined so that
IX){(Xud,¢F)=K*(X) (X Ui, ¢¥)
I oX,x) {Xud, eF)=(K* & o)X, X) 1(XUd, e¥)

p>0"

LX) 1XeL)=[(KT =K ], ) X)+ W(X)] (Xes)

We estimate separately /15, I,.,1,, and I,1,. By Proposition 5 and
since (G*)~'<(G*)™!, we have

|I11‘7“(Glaz’n—lrt’ht’uj< C'IL71 ”K#IQHG#,F#J;*,W (155)
1y o0l gl G2 - 1pm e s S Cu L7001 ol ot o (156)
111G -1 e S Cy LY o Lgll o, re e (157)

The rest of the argument for small sets relies on the fact that the
relevant parts of K#1,, have been extracted. A result of Brydges and Yau
(ref. 1, Lemma 4.3) is applicable to functionals whose low-order
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derivatives vanish at ¥ =0 and we can adapt their proof. Since 7,1 has
no constant term in d¢, we have

||Ip>01y||G#,F#,h*,uj< Cr/ ||Ip>0ly”G#,F#,h*,uj,dimzd/Z
—d2
< CnL / ||Ip>0ly“G#,r#,h#,uf,dimzd/z

SC,L™PN(KE o) Lolior rene w (158)

p>0

[The first C, actually has the form C,=1+C, L% (x’h})~"?=
14+ O(1 —n), where C, is a Sobolev constant. ] The factor L ~%? comes from
changing 4* to A% in dim > d/2 terms. Similarly, we have

1ol gl ge r#ne <Cy ol gllG# r# nx dimsat1
SC, L™ ol gllgr repr

sC,,L“’*1 [KEL | g# ot (159)
From the above we have
Hllyn ((;lz,q—lr*,h*,ufg Cr,Lvl HK# 1,9"1|G#,1"#,h#,u1 (160)

which combines with (155) to complete the proof. |

7. ASYMPTOTICS OF CORRELATION FUNCTIONS

We are now in a position to analyze the generating functionals Z(p) =
{e"»9> and related physical quantities. These are defined on the torus
Ag=A(N)=(Z/L")? and our goal is to obtain bounds which are uniform
in N and so hold for any infinite-volume limit. The simplest to analyze are
the Green’s functions G(x, y) and G'(x,,.., x,) given by (7) and (8). We
estimate these by comparison with the free-field values (z=0), which are
G(x, y)=v(x, y) and G'(x,,..., x,)=0.

Theorem 2. For 0<e<1, uy>0, and z sufficiently small there is a
constant C [independent of N and ((z) as z — 0] such that with 6 =¢" =
>V 007

|G(x, )= (L+0)" " v(x, p)|

<Clx—y|Hie (161)
|G (X 50s X,)]
<Cplug PT(xy,..., x,) ">+ diam(x,,.., x,)~9**¢,  p>2

(162)
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It is helpful to also compare the asymptotic behavior of G(x, y) to
that of the infinite-volume inverse Laplacian, which can be done using the
following lemma:

Lemma 5. For any O0<e<1 and all xe A(N)

B~lo(x, 0)=(K) ™" x| 7“2+ O(Ix| =7 1", d>3 (163)
B Mo(x, 0)=(2n) ' log[ LY¥/max(|x], D1+ 0(1), d=2 (164)

uniformly in N. The constant K, equals (d — 2) times the volume of the unit
sphere in R<

Proof. See the end of this section.

Remarks. (1) The bound (161) agrees with the result of Gawedzki
and Kupiainen® for the lattice model, but the error term here is roughly
one power better. The bound (162) is new and says that there is tree decay
on the points x,,..., x, with a factor |x; —x,| ~%*>*! on each line and overall
diameter decay. Possibly the exponent on the tree decay can be improved.

(2) In d>2, as N— oo we have that v(x, y) on A, converges to the
cutoff inverse Laplacian on R (times f). By our estimates, G, G', and ¢ are
all bounded in N. If they have limits as N — oo then (161) and (162) hold
for these limits. For the infinite-volume two-point function this means that
for |x — y| large

Glx, y)=(1+0)7" BK; " [x—p| 72+ O(Ix — y| 7/+1*7) - (165)

(3) In d=2, v(x, y) converges to the cutoff infinite-volume inverse
Laplacian, but only modulo a divergent constant. The thermodynamic
limit of the generating functional Z(p) for neutral configurations | p=0
should exist. In this limit we will find for |x — y| large

G(x, y)=(1+0a) " p2n) "log|x—y| '+ 0(1) (166)
as a distribution on neutral test functions.

Proof of Theorem 2. From (43) we have log Z(p)= —(p, wp) +
&(p). Taking functional derivatives gives, for p =2 (in which case G" = G),

Gx, y) =w(x, y) + &(x, y) (167)
and for p>2

GT(Xy o X,) = Ep(X 150y X,) {168)
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We have

N
w(x, y)= 3, L™ 2CH(Lx, L™y) (169)

j=0

where C/= C/;, and for any u

Ci(x, y)
Bla=t X e p e ) = (@ )] i <N
= PGAJ*\{O}
Blay=t Y e Tp e )t if j=N
peAN{0}
(170)
Also,
N . N . .
& (X150 Xp)= 3, L7PR=VENL Ty, L x,) (171)
Jj=0

To prove the theorem, it suffices to prove the bound (162) for &,, p=2,
and the bound

[w(x, p) = (1 +0) " o(x, )| SCla—y| e (172)

We begin with the latter.
Define C/, by putting u=0 =0, in (170) and w, by replacing C’ by
C/, in (169). For w, we may collapse the sum and obtain

wo(x, p)=B 147" Y ePEp e 4 o)t (173)
peAi\{0}

(i.e., vy on A, instead of 4 ,). We compare this with ».

Lemma 6. For some a>0
lwy(x, ) — (1 +0) " o(x, p)| SCe (174)

Proof. The left side has the form |F(x— y)|, where

Fx)=14]"" ¥ e"f(p) (175)

peA\{0}

with

F(p)=po(e?” —1) p~2e (" + o)~ (1+0) ! (176)
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But fis also defined on R and we may consider the inverse Fourier trans-
form f(x). Then we have

F(x)= Y f(x+nL") (177)

neZ9

since both sides are periodic and have Fourier coefficients 7(p). Now f(p)
is analytic in a small strip |Im p| < a around the real axis and the contour
can be deformed to obtain

| f(x)| < Ce @M, xeR? (178)
Therefore also
|F(x)| < Ce # ™, xed {179)
which gives the result. §
The next result completes the proof of (172).
Lemma 7. For any ¢ > 0 there is a constant C so that

Iw(x, y) —wy(x, p)| SClx—y| 471+ (180)
Proof. We have

N—1
w(x, y) = wylx, y)= Y LT 2V[CHLx, Ly) = Co(L 7%, L7y)]
=0

Jj=

(181)
As 1n Lemma 6,
|CI(x, )| < Ce@1x—¥i (182)
uniformly in |u] < 1/2, and a Cauchy bound gives, for |uf, |u'| < 1/4,
|Ci(x, y) = Cllx, ) <C lp—p| e = (183)

Now take u=o0;, u'=o0:
|{CHLx, L™ y)— CI(L7x, L™y)| L=~2
<Clo;—a| L™ 2 |x/L/ — y/L/| 4+ 1+e
<Clo;,—o| LY |x— y| 79+ +e (184)
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The result now follows: since |60/ < O(L~7) and hence |6/ —o| < O(L7),
the sum of (184) over j is bounded using

N—-1
lo,—o| LU=9/<C (185)
j=0

i
for a constant C. ||

Lemma 8. Forp=>1,
16,(x)] < Cp! uy PT(x) "2+ 1 diam(x) 42 +¢ (186)

Proof. From (31) we have for j<N that &(L/x)=0 if j<J=
min{j: 6,-, €%} and

SiLIx)= Y K&J(X,0;L7x) (187)

X:Xud-ixe
if j>J Forj=J, G*=G*/, and ['* =I'*"/, we have
—jpld2—1)@j —J
|L~7* g;(L x|

<sup (F*(X, L7x)) K oo pe L7P4270
X
<sup (5 (X, L7%) " ug PPV K ) go o p (188)
X
where the sup is over X such that Xud, ,e%. But j>J implies
diam(Z ~7x)<2? and so, by Lemma 1, for such X,

r'*(X, L7x)~! < CT(x)~ 92+t [—/42=D (189)
Also we have
1K * o, repe < 6/ S LT =080

and so, for any J<j< N,
|L—PE@2=Dgl(Lx)| < Cp! ug PL=P =9 (x)~ 42 +! (190)

The last term j=N in (171) is defined differently, but still satisfies
the same bound, as we now demonstrate. & is defined on a single block
Ay=4 and we can regard it as a local analytic functional (independent of

) given by
&N(4, p)=log[1+K* (4, p)]— [p=0]

_ ¥ =1y KRN, )T —[p=0]1 (191
r=1
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Let &% be the same without the [p=0] subtraction; this has the same
p-derivatives. Then one can establish

o0
X T rr < X P K)o i
1

r=
o

<Y r K SN s
r=1

<2L7N(1‘£)50 (192)
Now we have, as in (188)-(190),
LN DN (L) < plug PT# (4 L) 7 [ 6 oo
< Cpluy PL~NMAR=AT(x) 42 +1 (193)
Putting (190) and (193) together, we have -

N
GO0I< 2 LT RIS (LX)

j=J

< CplugPL =742 =) (x)~42+1 (194)

But L~/<2“diam(x)] " and this completes the proof of Lemma § and
Theorem 2. |

Corollary 1. In d>=3, &(p) and log Z(p) are analytic and
uniformly bounded for |p|| < B<u, and all N. In d=2, &(p) is analytic
and uniformly bounded for ||p|| < B<u,.

Remark. u, is arbitrary, but a larger u, forces a larger #, and hence
a smaller |z|.

Proof. By Lemma38, &,(p?)<Cp!(lpl/uo)? for p=1 and & =0,
hence the bound on &(p). Also, (p, wp) is always uniformly approximated
by (p, vp). In d=3 (but not in d=2), ||v||,, < o0, hence (p, vp) is uniformly
bounded. J

Now we turn to the charge-charge correlation functions defined
by (6).

Theorem 3. For any charge ¢, and |z| sufficiently small (depending
on g), there is a constant C> 1, so that for |x — y| large and d = 3,

C g [(1+0) K] Ix—y] 4+

<g'(x )
<CR[(1+0) K] ' [x—ypl %2 (195)
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For d=2 we have
CH =y PR < g, p) S C =yl TR0 (196)
and
C 1 Ao P+ < Z(p,) S C | Ao| ~FrrBnt o) (197)

Thus Z(p,) = 0 as |4,| = co and g'(x, y) satisfies (196) as well.

Remark. These results are consistent with similar bounds proved for
lattice dipole gases by Frohlich and Spencer.®

Proof. We assume |g| < 1. Let p,=¢d,and p,= —¢d,, s0 g'(x, y) =
Z(p.+p,)—Z(p,) Z(p,). Also define

A(s)=slog Z(p, +p,)+ (1 —s)[log Z(p,) +1og Z(p,)]
and then

1 1
g'(x, ¥) =J djds e ds= A’ J e ds (198)
0

0

By Corollary 1, in d> 3, A(s) is bounded and so it suffices to prove
(1+e)7' Bg?L(1+0) K]~ fx—p[77"2
<4
< +e) B’ l(1+0) K] H x—p|~9*2 (199)
for A'=log Z(p,+p,)—log Z(p,) —log Z(p,). There are two contribu-

tions to this quantity from the two terms in log Z(p)= —3(p, wp) + &(p).
The first is just (p,, wp,) = —g’w(x, y), and the bound

(1+e) "Bld+0) K] " x—ypyl 9*2
<w(x, )
< +8)pl(L+0) K] " x—ypyl 92 (200)
follows from Lemmas 5-7.

The second term is &(p, +p,) — E(p.) — & (p,). Expanding each term
by £(p)=27_, (1/p!) 6,(p?) gives

Epet+p)—E(p)—E(p,)= 3 (Yalb) & ,(pspy)  (201)

ab=1
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By Lemma 8§,
s s s(pipD)l S Clat b ug @H? |x— y| 9w 1ire (202)

Assuming u, > 2,

Y (a+b)/al bluy“rP =3 (2/uy)? = O(1) (203)

ab
and so we conclude that in d>3
E(p+p,)—E(p)— E(p,)| < C lx— | 41+ (204)

In d=2, A(s) and A’'(s) are not uniformly bounded, since {p,=
- j p, #0, and so the argument above fails. However, working directly, one
finds that

N
Z(p)= ey —exp| ~ 2 T 004800 | (205
j=0
where &(p .} is bounded and, as proved in ref. 2, Lemma A.3,
|C/(0, 0)— Blog L2n(1 +6)] < O(L/™ ") (206)

Thus, Z(p,)~ |4, #7801+ which goes to zero as |Ay| — .
For

g(x, y)=Z(p.+p,) =exp[—q*(w(0,0)—w(x, )+ &(p. +p,)]

we note that &(p, + p,) is bounded by Corollary 1, and |w(0, 0) —w(x, y)|
has a log |x — y| bound by Lemmas 5-7. Thus we conclude that in d=2

g(x, y) < Cexp[ — g log [x — yl/2a(1 4 0)] = C |x ~ y| ~Pe2xt o)
(207)
The corresponding lower bound follows in the same way. §
Finally, there remains the following task.
Proof of Lemma 5. We sketch the proof of the harder case d=2,

with the momentum cutoff function e 7° rather than e~?'. First we
compare

v(x, 0) = i Ci(L7x, 0) (208)

j=
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to the infinite-volume function

2 a2
—e

balx, 0) = B(2m) 2 [ dp e™p (e ”)

N-1
=Y Con(L7x,0)

;=0
where
Co=Bm) 2 [ dpePp (e~ — e )

As in the proof of Lemma 6, for j <N,

CHL7x,0)= ) Co (L 7x+nL"70)

neZd

Since Cy o, (x, 0) < O(1) e *™* for some a= 0O(1),

|CHLTx,0) = Co (L %, 0)| < 3, O(1) e !-wnt]
neZd
n#Q

<O(1)e "R
and

N—1 N—-1
S CUL %, 0)— Co (L 7x,0)| SO(1) Y et P

j=0 j=

<0(1)

One can also show |C (L~ "x, 0)] <0O(1).
Now,

LN

ﬁ_luoo(x,O):(Zn)’zfdpei”xp”zj ds (—d/ds) e

2N

=(4n)~! L ds s~ le=*%

For 1 <x?>< L, write

LN

<2
ﬁ_lvw(x’0)=(4“)ﬂj dss“+(4n)*1j ds s~ Le— s

LN

+@m) [ dssTiem - 1)

X

(209)

(210)

(211)

(212)

(213)

(214)
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The first term gives (2n) ' log(L"/|x|), while the second and third terms
can be shown to be ¢(1). For x> <1 one writes 7

12N 12N

ﬁ’lvw(x,0)=(4n)’lj dss*1+(4n)*1j dss e P 1) (215)

1 1

and shows that the second term is ¢(1), to complete the proof. §

APPENDIX
Let G (X) be given by (47).

Lemma 9. Let {X,} be a set of polymers, and X' ={J; X,. Suppose
the maximum overlap t =sup,. , # {i: X;3x} is finite. Then

G (X)2]] GnlX)) (AD)

Proof. For any polymer X, let ¥> X denote any extension of X
obtained by replacing some or all faces f of 6X by f' U fi,, where f, is the
open rectangle of width 1/2 satisfying f,,nX=f We note that
two polymers X, Y overlap if and only if X, ¥ overlap. Therefore,
t=sup,., #{i: X,3x}. Also, by the Sobolev inequality, l0g]%<
C. 139112, )

To prove (Al), we define X, by extending faces fe X \0X. Since we
only extend interior faces, we still have X ={J, ¥, and hence

¥ (10012+ Ve 10813) <X (1000254 e T l0I?)

i fedX;udx
<T(18g115 5+ 1/c 1041 55)
where for the first inequality we require C.d/c<1. }

Now we consider the one-parameter family of large-field regulators
glt, X,9)=g.(t, X, ¢), 0<t<1, defined by (144), and the Gaussian
measure di- on A with covariance C given by (21). The following result
extends ref. 1, Proposition 9.1 to our situation.

Proposition 6. There exists x,,,, > 0 such that for all k <k,,, and
O<u<t<l,
Bi—wyc * 8(u) < g(1) (A2)

Proof. For simplicity, we treat the large-field regulators as though
they depend only on 04, 8°¢:

g(ua X’ ¢) = eéu leE(Xa ¢) Fl(us Xa ¢) Fz(us X> ¢) (A3)

822/66/5-6-9
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where 0 =log y,

BX. 4y =exp (| 1007°) (A4)
R, §)=exp (3me 00 | [97°) (A5)
R, ) =exp ($xst) | [0%97?) (A6)

Lw)=L "+ (1—L )u (A7)

By Holder’s incquality,
pox glu)<e® M, « E*)'P (n.+ F)'° (p * F3)'? (A8)

For any Gaussian function G(¢)=e?<5%%°2 where S:#(A)—
H_(A)is such that CS is a trace-class self-adjoint operator on #(A), we
have

[iac * G1(B) = G(9) [ duac (0) exp BLCSE L3124 (54,05]
— G(¢) exp[af>(S4, (1—aBCS) 1 CSp>]
x det 7 '"*(1 —afC?SC'?)

To get pu, * F3, we take CS| given by

(CS19)(x)= LX (8C)(x, y)(09)(y) dy (A9)

Provided ||CS, |, <0(1) and tr,, C'?S,C'*<O(1) |X|, and « is chosen
small, we find that for §=3x/,(u)/c, o =t —u,

det; (1 —afC'?S, C'?)<exp[(ap/2)(tr C2S,C*)(1 —af |CS,])~1]
<exp[O(1) k(t —u) | X]]
and
exp[aB’(S;¢, (1 —afCS)~' CS,¢>]
<exp[O(1) K*(1—u) 104|551
Thus
[ we* F10)1 P < Fi(u, X, ¢) exp[O(1) x(t —u)| X]]
x exp[O(1) k*(t—u) |04 ]| 25 ]



RG Analysis of Correlation Functions for Dipole Gas 1317

A similar argument shows
Litgr—wye* F%(”)]I/B < Fyu, X, ) exp[O(1) k(s —u) |X]]
xexp[O(1) k*(1—u) [10411%]
provided CS, defined by
(CS,¢)(x) = L (02C)(x, y)(O°P)(y) dy (A10)

has ||CS,|l .. <0O(1) and tr,, C'*S,CY*<O(1) | X|, and « is chosen small
enough.
The dangerous factor F is treated using integration by parts:

[H(t—u)c * E3(“)] 3

=) {[ dg e ©

1/3
<exp(n) ([ (20742 10eo1-2] 1)
S E(u, X, @) exp[O(1) x(t —u) | X|]
<expLO(1) K2t~ )19 3+ 1 3912,)]

The bound above follows, provided

(CS3¢)(X):LX C(x, y) dp(y) dy (A1)
and

(CS4¢)(X)=L C(x, y) 0%p(y) dy (A12)
are such that ||CS;|| < O(1) and tr C'2S,C"*<O(1) |X|. We put all this
together using /(1) =1,(r) — (1 — L™ (¢t — u),

Citg— e * g1 < g(t)(exp{[ =5+ O(1)x1(t —u) |X]}
xexp{[—3r(1—L7?)+0(1) x*1(t —u) |0°¢] 5}
xexp{[—3x(1—L7")+0(1) 1t —u) 04135 })

< glr)

provided i is small. Finally, we note that the required bounds on CS;
follow from bounds for ¢*C similar to (182).
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